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ABSTRACT
In this paper we explore generalizations of metric structures of the gravitational wave type to
geometries containing an independent connection. The aim is simply to establish a new category of
connections compatible, according to some criteria, to the known metric structures for gravitational
waves and, additionally, provide some properties that can be useful for the search of solutions of
this kind in different theories.
1 Introduction
Metric-affine gravity is a natural extension of the geometry typically used in gravitational theories.
In this framework the set of geometrical structures that participate in the gravitational physics
contains, apart from the metric, a linear connection. This setting arise naturally when trying to
formulate a gauge theory of certain groups of spacetime symmetries, such as the Poincare´ or the
Affine group. These two cases for example give rise to the so called Poincare´ Gauge gravity (PG)
and Metric Affine Gauge gravity (MAG) [1, 2], respectively. In this formulation other properties
of the matter fields, apart from the energy momentum tensor, are coupled to the geometrical
structure. The spin density, dilation and shear currents enter the game as new fundamental
properties of the matter related to the dynamics of the connection [3–5]. This formulation and its
viability from the quantum gravity point of view has been getting some attention recently [6, 7].
It is worth remarking that apart from MAG and PG gravity, many theories have been formu-
lated considering an additional connection with certain properties or restrictions. See for example
Ricci-Based Gravity theories containing the well-known f(R) theories [8–15], or the teleparallel
equivalents and their generalizations [16–23].
In purely metric (also called Riemannian) geometry, there is no clear notion of a gravitational
wave metric. There are different criteria and conditions, as well as known solutions such as Kundt
spacetimes, where we can find for example hypersurfaces playing the role of wave fronts [24, 25].
However, there is not a general definition of what does it mean for a metric to represent a spacetime
with gravitational radiation. Many of those criteria are collected in [26] (see also [27] for a summary
of some of them).
Obviously, when working with an independent linear connection, these definitions do not ex-
trapolate due to the different nature of both geometrical structures. However, many of the criteria
used to categorize a metric in a gravitational wave type have to do with properties of the Rie-
mann tensor associated to it or, to be more precise, to its Levi-Civita connection. Therefore, this
conditions can be seen as a natural window to explore generalizations of these criteria, simply
by considering their application to curvature tensors that come from other connections different
from the Levi-Civita one. Indeed, if we consider a broader notion of curvature within a gauge
theoretical context, the torsion, which appears as the fieldstrength of the translational part, can
be regarded as a curvature as well and, hence, it can be subjected to these conditions. This way
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of extending the metric criteria is the idea we are going to explore in more detail throughout these
pages, focusing on one particular criterion with an interesting physical meaning.
Finally, we would like to mention that exact gravitational wave solutions have been already ex-
plored in geometries including a non-Riemannian connection. See for example [28,29] for solutions
in the context of PG, and also [30–34] for solutions in metric-affine theories. In our study, we will
also try to generalize the Ansatzes used by Obukhov in [28, 30] but, as we previously mentioned,
respecting some criteria that can be obtained from the Riemannian ones by making a reasonable
generalization.
We will start in Section 2 with an overview about metric-affine geometry, and continue with
a extensive compilation of results and criteria on gravitational wave geometries in metric gravity
in Section 3. Then in Section 4 we discuss how to extend the criteria of the previous section to
the metric-affine framework. In Section 5 we define a particular metric-affine geometry and see
the conditions it needs to satisfy for the criteria to be fulfilled. A subcase of this geometry is
considered in Section 6 and a simpler case of this one in Section 7, where we show several useful
properties. Finally, in Section 8, we provide a final discussion and some relevant remarks. At the
end, our symbols are collected in Appendix A and some other expressions in Appendix B.
2 Review of fundamental objects in metric-affine geometry
Let M be a D-dimensional smooth manifold and ∂µ :=
∂
∂xµ
a coordinate frame on it. The basic
idea of metric-affine geometry is the inclusion of a new fundamental object in M , apart from the
metric g, a linear connection Γµν
ρ, which represents a notion of parallelism and allows to introduce
a covariant derivative of tensors,
∇µH
ν...
ρ... := ∂µH
ν...
ρ... + Γµσ
νHσ...ρ... + . . .− Γµρ
σHν...σ... − . . . (2.1)
and also defines a curvature tensor on M
Rµνρ
λ := ∂µΓνρ
λ − ∂νΓµρ
λ + Γµσ
λΓνρ
σ − Γνσ
λΓµρ
σ (2.2)
Once the metric is specified, an arbitrary linear connection is determined by the so called,
torsion and non-metricity tensors, respectively
Tµν
ρ := 2Γ[µν]
ρ , Qµνρ := −∇µgνρ , (2.3)
while for Tµν
ρ = 0 and Qµνρ = 0 we recover Γ˚µν
ρ, the Levi-Civita connection of g.
In the context of gauge gravity or when we couple the geometry to matter fields (living in
vector spaces under certain representations of the gauge group) it is specially useful to work in
an arbitrary frame of the tangent bundle. Consider then a smooth distribution of basis in the
tangent space of each point and its corresponding dual basis of 1-forms or coframe1
ea = e
µ
a∂µ ϑ
a = eµ
adxµ , (2.4)
fulfilling eµ
aeµb = δ
a
b (and e
µ
aeν
a = δµν ). It is important to remark that this frame is in general
anholonomic (i.e. no coordinate functions are associated) since the vectors of the basis have non-
trivial Lie bracket with each other. This is reflected in the non-vanishing anholonomy coefficients,
Ωab
c := 2eµae
ν
b∂[µe
c
ν] ⇒ [ea, eb] = −Ωab
cec . (2.5)
Actually, in terms of the dual basis these are indeed the coefficients of the exterior derivative of
the coframe,
dϑc = 12Ωab
cϑa ∧ ϑb . (2.6)
1We will extensively use the vielbeins eµa and eµa to change indices from one basis to the other. Examples:
Rµνa
b = eρaeλ
bRµνρ
λ, Tµν
a = eλ
aTµν
λ, Qµab = e
ν
ae
ρ
bQµνρ, ∇a = e
µ
a∇µ, ∂a = e
µ
a∂µ .
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The information regarding the linear connection is encoded in an object called the connection
1-form, ωa
b = ωµa
bdxµ, whose components are given by
ωµa
b = eνa e
b
λ Γµν
λ + ebσ ∂µe
σ
a . (2.7)
reflecting the fact that the connection does not transform tensorially under basis transformations.
From now on the operator ∇µ will act on both kind of indices, Greek and Latin, in one case with
Γµν
ρ and in the other with ωµa
b.
However when working with differential forms, the exterior derivative d can also be covariantly
extended as the exterior covariant derivative. If we consider an arbitrary tensor-valued p-form
αa...
b... = 1
p! αµ1...µp a...
b... dxµ1 ∧ . . . ∧ dxµp . (2.8)
its exterior covariant derivative is defined as
Dαa...
b... = dαa...
b... + ωc
b ∧αa...
c... + . . .− ωa
c ∧αc...
b... − . . . , (2.9)
which for zero forms gives simply Dαa...
b... = ∇µαa...b...dxµ. The curvature and torsion 2-forms
and the non-metricity 1-form are then defined as
Ra
b := dωa
b + ωc
b ∧ωa
c , (2.10)
T a := Dϑa , (2.11)
Qab := −Dgab . (2.12)
whose components (according to (2.8)) are Rµνa
b, Tµν
a and Qµab, respectively. This forms (or,
equivalently, the corresponding tensors) can be decomposed according to the irreducible represen-
tations of GL(D,R). For the torsion we have the trace part T (tr), the totally antisymmetric part
T (a) and the rest T (tn); for the non-metricity we have both traces Q(tr1) and Q(tr2), the traceless
totally symmetric part Q(s) and the rest Q(tn); and finally, the curvature, in the presence of a
metric, can be first separated into symmetric and antisymmetric parts,
Rab = Zab +W ab , (2.13)
where Zab := R(ab) andW ab := R[ab]. Then, it can be shown thatW ab splits into six irreducible
parts W (A)ab (A = 1, ..., 6) and Zab into five Z
(A)
ab (A = 1, ..., 5). For the detailed expressions
of all of these irreducible components in arbitrary dimensions, see [2, 35].2
3 Gravitational waves in Riemannian geometry
3.1 Transversal space
Given a lightlike vector field kµ, in order to define the transverse space we need to introduce
another lightlike vector lµlµ = 0, such that k
µlµ 6= 0. Since the normalization for a null vector is
arbitrary, let us consider without loss of generality that the field lµ verifies
kµlµ = 1 . (3.1)
Definition 1. (Transversal). Given a lightlike congruence with velocity kµ and another non-
colinear lightlike vector lµ that satisfy lµk
µ = 1, the orthogonal
(span
R
{kµ∂µ, l
µ∂µ})
⊥
, (3.2)
is called transversal space of the congruence (with respect to lµ). We will say that a tensor
Hµ1...µrν1...νs is transversal if the contraction of any of its indices with l
µ and kµ vanishes.
2The dictionary from our notation to the one they use is:
T (tr) → (2)T , T (tn) → (1)T , T (a) → (3)T , Z(i) → (i)Z , W (i) → (i)W ,
Q(tr1) → (4)Q , Q(tr2) → (3)Q , Q(tn) → (2)Q , Q(s) → (1)Q .
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At this point it is useful to introduce the projector onto the transverse spatial slices (see a
more detailed explanation in [36]),
hµν := δ
µ
ν − k
µlν − l
µkν , (3.3)
that allows us to extract the transversal part of any tensor, which we will denote by a tilde over
it,
H˜µν...ρλ... := h
µ
αh
ν
β · · · h
γ
ρh
δ
λ · · · H˜
αβ...
γδ... . (3.4)
3.2 Null congruences and optical scalars
Let us now present some quantities that characterize the behavior of a given lightlike congruence
with velocity kµ. Consider the tensor
Bνµ := ∇˚µk
ν . (3.5)
Its transversal part can be decomposed as3
B˜µν = ωµν + σµν + hµνθ , (3.6)
where we have introduced
ωµν := B˜[µν] , (3.7)
θ := 1
D−2h
µνB˜(µν) , (3.8)
σµν := B˜(µν) − hµνθ . (3.9)
called, respectively, the twist tensor, the expansion scalar and the shear tensor, and whose expres-
sions in terms of kµ, lν and the projector hµν are collected in the Appendix B.1. For a given l
µ,
this decomposition is unique. Making use of these objects one can construct4
ω :=
√
1
D−2ωµνω
µν , (3.10)
|σ| :=
√
1
D−2σµνσ
µν . (3.11)
The objects {θ, ω, |σ|} (expansion, twist and shear) are known as the optical scalars of the con-
gruence.
Definition 2. (Normal congruence). A congruence is normal if there exists a family of hy-
persurfaces orthogonal to the curves it contains.
A very interesting result is the following [37]:
Proposition 3. In a semi-Riemannian manifold (M, g), any normal lightlike congruence is pre-
geodetic. Therefore it can be reparameterized to get a geodetic congruence.
Due to this result, we concentrate on geodetic congruences for which the optical scalars are
given by
θ = 1
D−2∇˚σk
σ , (3.12)
ω2 = 1
D−2∂[µkν]∂
µkν , (3.13)
|σ|2 = 1
D−2∇˚(µkν)∇˚
µkν − θ2 . (3.14)
3We absorb the factor (D − 2)−2 of the trace part into the definition of θ, as it is usual in the literature.
4 Note that the quantities ωµνωµν and σµνσµν are non-negative due to the transversality of ωµν and σµν .
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which can be expressed in exterior notation as5,6
θ = 1
D−2 sgn(g) ⋆ d ⋆ k , (3.16)
ω2 = 12(D−2) sgn(g) ⋆ (dk ∧ ⋆dk) , (3.17)
|σ|2 = 1
D−2
[
e(ayD˚
(
eb)yk
)] [
eayD˚
(
ebyk
)]
− θ2 . (3.18)
We end this subsection on optical scalars by remarking a very useful property of lightlike
congruences that relates the nullity of the twist with the existence of wave fronts (see [24, 25, 38]
and [39, p. 59]):
Proposition 4. A lightlike geodetic congruence is normal if and only if the twist ω vanishes.
More information on twist-free solutions of pure radiation can be found in [25].
3.3 Kundt and Brinkmann metrics
Now we focus our interest in the concept of plane-fronted waves. Kundt defined them in [24],
a definition that was also presented in [39, p. 85–86] together with a theorem that introduces a
characterization: a plane-fronted wave is a vacuum field that admits a normal null congruence
with |σ| = θ = 0. Observe that, as a consequence of Propositions 3 and 4, the congruence of
a plane-fronted wave is pre-geodetic (so it can be expressed as geodetic changing the velocity
appropriately) and, additionally, ω = 0.
These definitions correspond to “vacuum solutions” of General Relativity, which might not
be solutions for other more general theories. Since we are interested in spacetimes defined in a
theory-independent way, we start introducing:7
Definition 5. (Kundt space). A Kundt space is a Lorentzian manifold that admits a geodetic
null congruence with |σ| = θ = ω = 0.
Every point in a Kundt space admits a coordinate chart {xµ} = {v, u, z2, ..., zD} (a Kundt
chart) in which the line element is expressed:
ds2 = 2dudv +H(u, v, z)du2 + 2Wi(u, v, z)dudz
i + g˜ij(u, z)dz
idzj , (3.19)
where i, j = 2, ..., D − 1 and g˜ij is the spatial metric with signature (−, ...,−). We have then
a local foliation by spacelike surfaces, those with constant u. The expressions for the Christoffel
symbols, Riemann and Ricci tensors can be found in [40] or [41, p. 230–231]. Solutions of this kind
in different backgrounds (e.g. with and without cosmological constant) are given in [42, chap. 18]
and [43, chap. 31].
Observe that the coordinate field ∂v =: k
µ∂µ, which satisfies
kµk
µ = 0 , kρ∇˚ρk
µ = 0 , (3.20)
is indeed the velocity field of the congruence that appears in the definition. Moreover, note that
∂v is not a covariantly constant field with respect to ∇˚,
∇˚µk
ρ = Γ˚µv
ρ = 12
(
gρu∂vgµu + g
ρi∂vgµi
)
6= 0 , (3.21)
i.e. the tensor Bµν defined in (3.5) is not trivial for Kundt spaces. This expression vanishes if H
and Wi are independent of the coordinate v. This is a well known particular kind of Kundt spaces
called Brinkmann spaces [44]:
5The symbol V y represents the interior product by a vector.
6For the Hodge star operator acting on a p-form we use the following convention,
⋆α = 1
(D−p)!p!
αb1...bp Eb1...bpc1...cD−p ϑ
c1 ∧ ... ∧ ϑcD−p . (3.15)
in terms of the Levi-Civita tensor, Ea1...aD :=
√
| det(gab)| D!δ
1
[a1
...δD
aD]
.
7Note that no allusion to vacuum has been made.
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Definition 6. (Brinkmann space). A Brinkmann space is a lorentzian manifold that admits
a vector field kµ∂µ which is lightlike and covariantly constant with respect to the Levi-Civita
conection, namely
kµk
µ = 0 and ∇˚ρk
µ = 0 . (3.22)
If we introduce the associated 1-form k = kµdx
µ, this two conditions can be written in the
exterior notation, respectively,
k ∧ ⋆k = 0 , D˚ka = 0 . (3.23)
In an analogous way as in the Kundt case, there is a local chart we can always find, {xµ} =
{v, u, z2, ..., zD} (a Brinkmann chart), that allows to express the metric (see for example [45]):
ds2 = 2dudv +H(u, z)du2 + 2Wi(u, z)dudz
i + g˜ij(u, z)dz
idzj . (3.24)
Moreover, H or Wi (but not both) can always be set to zero with an appropriate redefinition of
the spatial coordinates {zi} (see for example [46]). From now on, when we refer to the Brinkmann
metric we will take Wi = 0, so the metric becomes block-diagonal.
Definition 7. (pp-wave). A plane-fronted wave with parallel rays (or pp-wave) is a Brinkmann
space admitting a coordinate chart in which the metric is expressed
ds2 = 2dudv +H(u, z)du2 − δijdz
idzj , (3.25)
Calculating the Einstein tensor of (3.25) it is straightforward to prove that this is a vacuum
solution of the Einstein equations if and only if H is a harmonic function of the transversal
coordinates,
∂i∂
iH(u, z) = 0 . (3.26)
This condition obviously will no longer be true in more general theories.
3.4 Criteria for gravitational wave spacetimes
As we have already mentioned, there are many different attempts in the literature trying to char-
acterize spacetimes with gravitational radiation. Several of these criteria are extensively studied
in [26]. Based on that reference and the overview in [27], here we present some of them:
• Pirani criterion. We will say there are free gravitational waves in an empty region of a
spacetime if and only if the curvature there is type II, III or N in the Petrov classification.
• Lichnerowicz criterion. For a non-vanishing curvature R˚ab 6= 0, we will say there is
gravitational radiation if and only if there exists a 1-form k = kµdx
µ satisfying
k ∧ ⋆R˚a
b = 0 ⇔ kµR˚µνa
b = 0 , (3.27)
k ∧ R˚a
b = 0 ⇔ k[µR˚νρ]a
b = 0 . (3.28)
Lichnerowicz proved that these two conditions, under the hypothesis R˚a
b 6= 0, imply that
kµ is both lightlike and geodetic [26], i.e. the metric is Kundt. For example, the lightlike
condition is immediate contracting (3.28) with kµ and then substituting (3.27). In addition,
another consequence is that the curvature can be written:
R˚µνρλ = bµρkνkλ + bνλkµkρ − bµλkνkρ − bνρkµkλ ⇔ Rµν
ρλ = 4b[µ
[ρkν]k
λ] , (3.29)
for some symmetric tensor bµν = b(µν) with the property k
µbµν = 0.
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• Zel’manov criterion. We will say there is gravitational radiation in a spacetime region if
and only if the curvature of this region is not covariantly constant, i.e. ∇˚σR˚µνab 6= 0, and
verifies the following covariant generalization of the wave equation
∇˚σ∇˚σR˚µνa
b = 0 . (3.30)
This condition is formulated in terms of a particular connection (Levi-Civita). Another
criterion very similar to this one but formulated independently of any connection is the
Maldybaeva criterion, which is based on a special (metric dependent) operator that acts on
differential forms:
• Maldybaeva criterion. We will say there is gravitational radiation in a spacetime region
if and only if the (non-trivial) curvature 2-form satisfies the wave equation
∆R˚a
b = 0 , (3.31)
where ∆ := dδ + δd is the Laplace-de Rham operator.
In the context of General Relativity one can easily find the following relations between these
criteria for the particular case of Einstein spaces:
Proposition 8. Relations between criteria for Einstein spaces.
Let (M, g) be an Einstein space, namely one satisfying Rµρν
ρ = cgµν for some real constant c.
Then, the following statements hold:
• In vacuum (c = 0): Lichnerowicz criterion ⇔ Petrov type N.
• Maldybaeva criterion ⇔ vacuum (c = 0) and Petrov type N.
• Zel’manov criterion ⇒ vacuum (c = 0) and Petrov type N.
The converse (vacuum +N⇒ Zel’manov) is also true with only the metrics [26, eq. (7.12)]
as exceptions.
The result is the following diagram for the criteria we have seen in the case of Einstein spaces:
Zel’manov
=⇒
⇐=∗
Pirani (N) + vacuum ⇔ Maldybaeva
m
Lichnerowicz
+vacuum
(3.32)
where ∗ denotes that there are two exceptions. For non-Einstein spaces, the relations become
more obscure.
Finally, it is worth mentioning that there are other criteria, such as the ones by Debever, Bel,
etc. More information about them can be found in [26].
4 Extension to metric-affine geometries
In the previous section we have seen that there are different criteria to classify or categorize metrics
in a gravitational wave type. However, in a metric-affine framework we have an additional field, a
linear connection Γµν
ρ (or equivalently ωµν
a), and the idea now is to analyze how can we restrict in
a reasonable way an arbitrary connection to explore gravitational wave scenarios in these theories.
We start by recalling that Petrov types are based on the classification of the principal null
directions of the Weyl tensor. Therefore, a generalization of the Pirani criterion could be possible
by understanding the behavior of the irreducible part W (1)ab of the new curvature, which is the
one that reduces to the Weyl tensor in a Riemannian geometry [2].
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For the Maldybaeva and Zel’manov criteria one could generalize the differential operator, the
curvature or both. Actually, when working either in MAG or in PG gravity, the fields playing the
role of gauge fieldstrengths (gauge curvatures) are the curvature Ra
b and the torsion T a of the
connection, so another possibility might be to apply the criterion to both objects.
Finally, we examine the Lichnerowicz criterion for gravitational waves. If one checks in detail
electromagnetic wave configurations in classical Maxwell theory, it is easy to see that the curvature
form F = 12Fµνdx
µ ∧ dxν associated to Aµ satisfies the analogous conditions
k ∧ F = 0 , k ∧ ⋆F = 0 . (4.1)
If we now look at these equations in components,
k[µFνρ] = 0 , k
µFµν = 0 , (4.2)
we realize that they essentially encode the well-known radiation conditions for the electromagnetic
field,
δijk
iEj = δijk
iBj = 0 , ǫijk
ki
k0
Ej = δikB
i . (4.3)
After this motivation, and inspired by8 [28] and [29] we are going to focus on the Lichnerowicz
criterion and its generalization to a metric-affine geometry imposing the corresponding conditions
over our curvatures. Considering we are working in a MAG framework, we define the following
generalization involving both fieldstrengths:
Definition 9. (Generalized) Lichnerowicz Criteria
1LCR k ∧Ra
b = 0 ⇔ k[µRνρ]a
b = 0 ,
2LCR k ∧ ⋆Ra
b = 0 ⇔ kµRµνa
b = 0 , (4.4)
1LCT k ∧ T a = 0 ⇔ k[µTνρ]
a = 0 ,
2LCT k ∧ ⋆T a = 0 ⇔ kµTµν
a = 0 . (4.5)
Now we provide an important general result which allows to express the curvature and the
torsion form under these conditions in a very special way.
Proposition 10. Consider a lightlike congruence with velocity kµ. Let k = kµdx
µ be the associated
1-form and l another lightlike 1-form such that lµkµ = 1. For an arbitrary tensor-valued 2-form
αa...
b..., the following results hold:
1. If k ∧αa...b... = 0, α can be expressed
αa...
b... = k ∧ (sa...
b... l+ β˜a...
b...) , (4.6)
where sa...
b... is a tensor-valued 0-form and β˜a...
b... is a tensor-valued transversal 1-form.9
2. If k ∧ ⋆αa...b... = 0, then
αa...
b... = k ∧ β˜a...
b... + γ˜a...
b... , (4.7)
for certain tensor-valued transversal forms β˜a...
b... and γ˜a...
b....
3. If the two conditions of the previous points are fulfilled, the 2-form reduces to
αa...
b... = k ∧ β˜a...
b... , (4.8)
and the following quadratic condition is satisfied,10
αa...
b... ∧ ⋆αc...
d... = 0
(
αµνa...
b... αµνc...
d... = 0
)
. (4.9)
8Although, in [29] the authors use a different generalization: they contract k with the internal indices:
kaRµνab = 0 , Rµν[abkc] = 0 , k
aTµνa = 0 , Tµν[akc] = 0 .
9From now on transversal means transversal to the congruence generated by k with respect to l.
10Applied to electromagnetic waves in Maxwell theory, this quadratic condition lead us to F ∧ ⋆F = 0, namely
FµνF
µν = 0, that corresponds to the equality δijE
iEj = δijB
iBj .
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Proof. We drop the external indices for simplicity. An arbitrary two form can be decomposed:
α = s k ∧ l+ k ∧ β˜ + l ∧ β˜
′
+ γ˜ .
where β˜ and β˜
′
are transversal 1-forms and γ˜ is a transversal 2-form.
1. The condition tells
0 = k ∧α = k ∧ l ∧ β˜
′
+ k ∧ γ˜ , (4.10)
so by linear independence, β˜
′
= γ˜ = 0.
2. Here we use that k ∧ ⋆ acts on differential forms as the operator ⋆(kµ∂µ)y = ⋆∂vy up to a
constant. So no components in the direction of dv (equivalently, l) are allowed, as can be
seen by doing the calculation,
0 = k ∧ ⋆α = − ⋆ (−s k + β˜
′
) . (4.11)
And this is true if and only if s = β˜
′
= 0.
3. They are immediate consequences of the previous results.
5 General metric-affine setting
5.1 Metric structure
Due to its simplicity, we are interested in a spacetime metric of the Brinkmann type,
ds2 = 2dudv +H(u, z)du2 + g˜ij(u, z)dz
idzj . (5.1)
As we have seen previously, from this metric we can obtain two relevant (dual) objects. The first
one is the wave vector kµ∂µ := ∂v, that points towards the direction of propagation of the wave.
It is autoparallel with respect to ∇˚ and lightlike by definition of the v coordinate. The other one
is the wave form k := kµdx
µ, which is indeed du and, consequently, an exact form.
In addition, consider the 1-form
l = lµdx
µ := 12H(u, z)du+ dv . (5.2)
It is not difficult to see that it is lightlike and verifies lµk
µ = 1. Clearly, the transversal space of
the congruence generated by kµ with respect to lµ is the one generated by the coordinate vectors
in {zi} directions,
T˜pM := spanR {∂i|p}
D−1
i=2 ⊂ TpM . (5.3)
5.2 Coframe
In a theory with GL(D, R) freedom, we can choose a lightcone gauge for the first two directions
and an orthonormal gauge for the transversal space. Then
g := ϑ0 ⊗ ϑ1 + ϑ1 ⊗ ϑ0 − δIJϑ
I ⊗ ϑJ = gabϑ
a ⊗ ϑb , (5.4)
There are several coframes compatible with this gauge. But one special coframe (we will call gauge
basis) that makes this possible for the Ansatz we have taken for the metric (5.1) is:
{ϑa} =


ϑ0 := k = du ,
ϑ1 := l = 12Hdu+ dv ,
ϑI := ei
Idzi
(5.5)
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with dual frame
{ea} =


e0 = −
1
2H∂v + ∂u ,
e1 = ∂v ,
eI = e
i
I∂i
(5.6)
where the vielbeins ei
I(u, z) satisfy
− δIJei
Iej
J = g˜ij e
i
Jei
I = δIJ e
i
Iej
I = δij . (5.7)
In order to work always with D-dimensional indices and avoid using the index I, we define the
transversal coframe,
ϑ˜
a
:= δaIϑ
I . (5.8)
Using it, an arbitrary element of the coframe can be expressed
ϑa = lak + kal+ ϑ˜
a
, (5.9)
The anholonomy two form associated to this coframe and the Levi-Civita connection 1-form of
the metric are given by,11
dϑa =
(
− 12k
a∂bH + Ω˜b
a
)
k ∧ ϑ˜
b
+ 12 Ω˜bc
aϑ˜
b
∧ ϑ˜
c
, (5.10)
ω˚ab =
(
∂˜[aHkb] − Ω˜[ab]
)
k − 2Ω˜(cd)δ
d
[akb]ϑ˜
c
− 12
(
Ω˜cab + Ω˜bca − Ω˜abc
)
ϑ˜
c
(5.11)
where we have defined the transversal objects
∂˜a := δ
I
a∂I = (δ
b
a − l
bka − k
bla)∂b , (5.12)
Ω˜a
b := δJa e
i
Jδ
b
IΩui
I , (5.13)
Ω˜ab
c := δJa δ
K
b δ
c
IΩJK
I . (5.14)
5.3 Connection
Based on the connections used in [28, 30], we start by analyzing the following one
ωab = ω˚ab + (Cabkc + Pcab)ϑ
c + kakbA+ gabB , (5.15)
where A = Aaϑ
a and B = Baϑ
a are in principle general 1-forms, and Cab and Pcab are arbitrary
tensors satisfying
Cab = C[ab] , Pcab = Pc[ab] , k
cPcab = 0 = l
cPcab . (5.16)
Obviously ωab, as a whole, is completely independent of the metric. However we prefer to
work with this decomposition into Levi-Civita plus distorsion because the degrees of freedom
of the connection are stored within the tensorial objects Cab, Pcab, Aa and Ba. Consequently,
expressions like ∇µCab make sense. But the objects Cab and Pcab are somehow metric-dependent,
because of the extraction of the Levi-Civita part. The actual explicitly non-metric expression of
the connection is
ωab = (Cabkc + Pcab)ϑ
c + kakbA+ gabB , (5.17)
where
Cab := Cab + ∂˜[aHkb] − Ω˜[ab] , (5.18)
Pcab := Pcab − 2Ω˜(cd)δ
d
[akb] −
1
2
(
Ω˜cab + Ω˜bca − Ω˜abc
)
. (5.19)
11Note that the last term, − 1
2
(Ω˜cab + Ω˜bca − Ω˜abc), is indeed the Levi-Civita connection 1-form ˚˜ωcab associated
to the metric g˜ij of the transversal sections.
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Note that these two objects do not transform as tensors.12 Actually, the most important reason
to avoid them is that, at the end of the day, the equations of motion of a covariant metric-affine
Lagrangian can be written in terms of the curvature, the torsion and the non-metricity that can
only depend on the combinations Cab and Pcab, due to their tensorial nature.
For future purposes we introduce the following decompositions
Aa = A˜a + A¯la +Aka , (5.20)
Ba = B˜a + B¯la +Bka , (5.21)
Cab = C˜ab + 2C¯[alb] + 2C[akb] + 2Ck[alb] , (5.22)
Pcab = P˜cab + 2P¯c[alb] + 2Pc[akb] + 2Pck[alb] , (5.23)
where the tensors A˜a, B˜a, C¯a, Ca, C˜ab, Pc, Pca, P¯ca and P˜cab are totally transversal. The curvature,
torsion and non-metricity as well as the irreducible decomposition of the last two are collected in
Appendix B.2.
5.4 Summary and Lichnerowicz criteria
Putting together all of the structures described in this section we have the following geometry
g = ϑ0 ⊗ ϑ1 + ϑ1 ⊗ ϑ0 − δIJϑ
I ⊗ ϑJ
ϑa =
{
ϑ0 = k = du, ϑ1 = l = 12H(u, z)du+ dv, ϑ
I = ei
I(u, z)dzi
}
ωab = ω˚ab + (Cabkc + Pcab)ϑ
c + kakbA+ gabB . (5.24)
Theorem 11. For a geometry of the type (5.24), the condition 1LCT is equivalent to
0 = Pc = P¯ca = P[cd] = P˜[cd]
a = B¯ = B˜a ; (5.25)
the condition 2LCT is equivalent to
0 = C¯a = P¯ca = B¯ ,
0 = B˜c − Pc ,
0 = A¯+ C −B ; (5.26)
the condition 1LCR is equivalent to
0 = k ∧ dB ,
0 = eiae
j
b∂[iA˜j] + 2A˜[aPb] ,
0 = ∂vA˜a − ∂˜aA¯+ 2A¯Pa ,
0 = P¯abA¯ ,
0 = A˜[aP¯b]c ,
0 = ∂vPcab (= k
d∇˚dPcab) ,
0 = ϑ˜
d
∧ ϑ˜
c
(
∇˚[dPc]ab + P[d|ebP|c]a
e
)
; (5.27)
12Working in terms of them is more cumbersome since, e.g. ∇µCab does not make sense.
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and, finally, the condition 2LCR is equivalent to
0 = ∂vCab (= k
d∇˚dCab) ,
0 = ∂vPcab (= k
d∇˚dPcab) ,
0 = 2∂[vAu] + 2CA¯ = ∂v(A−
1
2HA¯)− ∂uA¯+ 2CA¯ ,
0 = ∂vA˜a − ∂˜aA¯+ 2A¯Pa ,
0 = C¯aA¯ ,
0 = P¯abA¯ ,
0 = ∂vB˜i − ∂iB¯ ,
0 = 2∂[vBu] = ∂v(B −
1
2HB¯)− ∂uB¯. (5.28)
Proof. It follows straightforwardly from the application of Proposition 10 to our particular torsion
and curvature 2-forms (see Appendix B.2).
Moreover, combining the four conditions we easily arrive at
Corollary 12. For a geometry of the type (5.24), the generalized Lichnerowicz criteria for torsion
and curvature (Definition 9) is verified if and only if
0 = Pc = P¯ca = P[cd] = P˜[cd]
a = B¯ = B˜a = C¯a
0 = A¯+ C −B ,
0 = ∂vB = ∂vCab = ∂vPcab ,
0 = ∂vA˜a − ∂˜aA¯ ,
0 = ∂v(A−
1
2HA¯)− ∂uA¯+ 2CA¯ ,
0 = ∂[iA˜j] ,
0 = ϑ˜
d
∧ ϑ˜
c
(
∇˚[dP˜c]
ab + 2∇˚[dPc]
[akb] + 2P˜[d
e[akb]Pc]e + P˜[d
eaP˜c]e
b
)
. (5.29)
As can be proved, the connections chosen in [28,30] are LCR but not LCT, since the condition
0 = A¯ + C − B is not satisfied. For future convenience and due to we are interested in doing
part of our calculations generalizing those papers, we introduce the abbreviation LCT* for those
connections satisfying all of the conditions except that one. In addition, to make the violation of
the LCT as explicit as possible we introduce the scalar function
Y := A¯+ C −B . (5.30)
At this point, it is not difficult to see that under LCT* the violation of the quadratic condition
for the torsion is indeed proportional to the square of it,
T a ∧ ⋆T b = −Y2kakb ωvol , (5.31)
where ωvol := ⋆1 =
√
|g|dDx is the canonical volume form associated to the metric g.
6 Subcase: pp-waves and other simplifications
If we do not impose additional conditions, we continue having a complicated Ansatz to search for
solutions in many metric-affine theories. We are going to restrict further the theory by imposing
two simplifications, one in the coframe (equivalently in the holonomic metric gµν) and the other
in the connection.
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6.1 Metric and coframe
First we take the pp-wave case (see Definition 7), i.e. we will assume the transversal space to be
only u-dependent g˜ij(u, z) = g˜ij(u), consequently there should be a redefinition of the transversal
coordinates zi such that g˜ij becomes diagonal. Because of this, consider the case
ds2 = 2dudv +H(u, z)du2 − δijdz
idzj . (6.1)
In the metric-affine context where we work in terms of the coframe, this is equivalent to
ei
I = δIi ⇔ ϑ
I = δIi dz
i . (6.2)
Now, the anholonomy gets simplified and only Ωui
1 = −∂iH survives, i.e.
dϑa = − 12k
a∂˜bHk ∧ ϑ
b , (6.3)
so
Ω˜a
b = Ω˜ab
c = 0 . (6.4)
Proposition 13. In the gauge coframe, the Levi-Civita connection 1-form of the pp-wave metric
is:
ω˚ab = ∂˜[aHkb]k = ∂[aHkb]k ⇔ ω˚µab = kµ∂[aHkb] . (6.5)
Proof. Obtaining ω˚ab = ∂˜[aHkb]k is immediate starting from (5.11). To see the rest we need to
expand the transversal derivative,
∂˜[aHkb] = (δ
c
[a| − l
ck[a| − k
cl[a|)∂cHk|b] = ∂[aHkb] .
When working with indices in the gauge base (because the connection is non-covariant object
under frame transformations), we have
kcω˚cab = 0 , (6.6)
lcω˚cab = ∂˜[aHkb] , (6.7)
ω˚ca
c ≡ gcbω˚cab = 0 . (6.8)
Consequently for any totally transversal tensor S˜ab...
c...,
∂˜aS˜ab...
c... = ∂aS˜ab...
c... = ∇˚aS˜ab...
c... = ∇˚aS˜
a
b...
c... = ∂aS˜
a
b...
c... = ∂˜aS˜
a
b...
c... . (6.9)
Let us insist on that these equations are only true in the gauge base because ∂cgab = 0 in that
particular frame and, as a consequence of our basis choice, ka, la, k
a and la are also constant. If
we change the frame, the new anholonomy coefficients would enter the game.
Another consequence is that the covariant derivative of la can be written in the following
covariant way (valid in any frame, not only in the gauge basis),
∇˚cl
a = 12kc(k
alb − gab)∂bH (6.10)
which implies
∇˚cl
c = 0 . (6.11)
Finally we present the Levi-Civita curvature and its irreducible parts in the gauge basis which
gives very simple and practical expressions
R˚ab = ∂˜c∂˜[aHkb]ϑ˜
c
∧ k , (6.12)
W˚
(1)
ab =
(
∂˜c∂˜[aHkb] −
1
D−2 ∂˜
e∂˜eHk[bga]c
)
ϑ˜
c
∧ k , (6.13)
W˚
(4)
ab =
1
D−2 ∂˜
e∂˜eHk[bga]cϑ˜
c
∧ k , (6.14)
W˚
(6)
ab = 0 . (6.15)
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The non-trivial ones can be covariantized as follows
R˚ab = ∇˚c∂[aHkb]ϑ
c ∧ k , (6.16)
W˚
(1)
ab =
(
∇˚c∂[aHkb] −
1
D−2∇˚
2Hk[bga]c
)
ϑc ∧ k , (6.17)
W˚
(4)
ab =
1
D−2∇˚
2Hk[bga]cϑ
c ∧ k , (6.18)
where now the latin indices refer to any basis. These are totally GL(D, R)-covariant equations.
Note that
kaR˚ab = k
aW˚
(1)
ab = k
aW˚
(4)
ab = 0 . (6.19)
6.2 Connection
In addition to the pp-wave condition we also impose on the connection the following metric-
independent restriction,
Pcab = 0 . (6.20)
This, together with (6.4), imply that Pcab = 0 and, therefore,
ωab = ω˚ab + Cabk + kakbA+ gabB , (6.21)
whose torsion and curvature get simplified
T a = Cc
ak ∧ ϑc + kaA ∧ k +B ∧ ϑa ,
=
[
−Cka − C¯a − A¯ka +Bka − B¯la
]
k ∧ l
+
[
C¯cl
a + Cck
a + C˜c
a − kaA˜c +Bδ
a
c − B˜cl
a
]
k ∧ ϑ˜
c
+
[
B¯δac − B˜ck
a
]
l ∧ ϑ˜
c
+ B˜cϑ˜
c
∧ ϑ˜
a
. (6.22)
Ra
b = R˚a
b +DCa
b ∧ k + kak
bdA+ δbadB
= R˚a
b + D˚Ca
b ∧ k + kak
bdA+ δbadB − kc(kaC
bc + kbCa
c)k ∧A , (6.23)
while no changes in the non-metricity have been made with respect to that of the connection (5.15)
(see Appendix B.2). More details on them and their irreducible decomposition, as well as some
other expressions, are presented for completeness in Appendix B.3.
6.3 Summary and Lichnerowicz criteria
Again we summarize the geometry we have considered in this section,
g = ϑ0 ⊗ ϑ1 + ϑ1 ⊗ ϑ0 − δIJϑ
I ⊗ ϑJ
ϑa =
{
ϑ0 = k = du, ϑ1 = l = 12H(u, z)du+ dv, ϑ
I = δIi dz
i
}
ωab = ω˚ab + Cabkcϑ
c + kakbA+ gabB . (6.24)
In this case the generalized Lichnerowicz criteria give essentially the same as in Theorem 11
and Corollary 12 but setting Pc = P¯ab = Pab = P˜abc = Pabc = 0.
7 Further restrictions on the connection
Finally, we consider an additional restriction of the subcase treated in the last section. The metric
and the coframe continue being the same, but we consider the connection to be subjected to the
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following constraints
C = C(u) , B = B(u)k ,
C¯a = 0 , 0 = ∂vA˜a − ∂˜aA¯ ,
Ca = Ca(u, z) , 0 = ∂v(A−
1
2HA¯)− ∂uA¯+ 2CA¯ ,
C˜ab = C˜ab(u) , 0 = ∂[iA˜j] . (7.1)
A few remarks:
• We have as an immediate corollary dB = 0.
• The Levi-Civita part remains the same as in (6.24). So the Riemannian curvature is purely
Weyl (W˚
(1)
ab) and Ricci (W˚
(4)
ab), while the curvature scalar vanishes.
• This configuration together with the conditions
Ca = C˜ab = C = B = 0 (7.2)
reproduces the Ansatz for the connection in [30]. If, instead, we impose
A˜a = A = A¯ = C˜ab = C = B = 0 , (7.3)
we obtain the one in [28].
Theorem 14. The geometry (6.24) together with (7.1) satisfies both LCR and LCT*. If, addi-
tionally, Y = 0, then the full generalized Lichnerowicz criterion is fulfilled.
Let us now focus on the basic tensors associated to the connection and the properties they
acquire under (7.1). From now on we will use (5.30) to eliminate A¯ from all the equations.
7.1 Torsion and its properties
Now we present the torsion and its irreducible components,
T a = −Ykak ∧ l+
[
C˜c
a + (Cc − A˜c)k
a +Bδac
]
k ∧ ϑ˜
c
(7.4)
T (tr)a = 1
D−1 [(D − 2)B − Y]k ∧ ϑ
a , (7.5)
T (a)a = 13 C˜bc
(
kaϑ˜
b
∧ ϑ˜
c
+ 2gack ∧ ϑ˜
b
)
(7.6)
T (tn)a =
[
1
3 C˜b
a + (Cb − A˜b)k
a + 1
D−1 (Y +B)δ
a
b
]
k ∧ ϑ˜
b
(7.7)
− D−2
D−1 (Y +B)k
ak ∧ l− 13 C˜bck
aϑ˜
b
∧ ϑ˜
c
(7.8)
It is worth remarking that the totally antisymmetric component is directly connected with the
antisymmetric transversal tensor C˜ab, and that the trace of the torsion,
− eayebyT
(tr)b = Tab
b = [(D − 2)B − Y] ka , (7.9)
is proportional to B for geometries LCT (i.e. with Y = 0).
• The operator k∧ gives zero also when acting on T (tr)a since it is proportional to k, but for
the rest of the irreducible components we have
k ∧ T (a)a = −k ∧ T (tn)a = 13 C˜bck
ak ∧ ϑ˜
b
∧ ϑ˜
c
. (7.10)
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• However the operator k ∧ ⋆ gives zero for T (a)a because it only has components in the
directions k and ϑ˜
c
. For the rest,
k ∧ ⋆T (tr)a = 1
D−1 [(D − 2)B − Y] k
a ⋆ k , (7.11)
k ∧ ⋆T (tn)a = −D−2
D−1 (Y +B)k
a ⋆ k . (7.12)
• The contractions of the torsion 2-form and its irreducible components with ka all vanish,
kaT
(a)a = kaT
(tr)a = kaT
(tn)a = 0 ⇒ kaT
a = 0 . (7.13)
This is not true for contractions in the first two indices of the torsion tensor Tbc
a and their
irreducible components, since there are coefficients in the direction of l, which give 1 instead
of 0 when contracting with ka.
7.2 Non-metricity and its properties
Now we have
Qab = 2kakbA+ 2gabBk . (7.14)
Therefore the traces are
Qc
c = Qac
cϑa = 2DBk , (7.15)
ecyQca = Qca
c = 2(Y + 2B − C)ka (7.16)
The irreducible components of Qab do not experiment any changes with respect of those in Ap-
pendix B.2, apart from the substitution B = Bk.
Let us show some properties of this non-metricity:
• Contractions of the non-metricity with ka
kaQab = k
aQ(tr1)ab = 2kbBk , (7.17)
kaQ(tr2)ab =
2(D−2)
(D−1)(D+2) (Y +B − C)kbk , (7.18)
kaQ(s)ab =
2(D−2)
3(D+2) (Y +B − C)kbk , (7.19)
kaQ(tn)ab = −
2(D−2)
3(D−1) (Y +B − C)kbk . (7.20)
An immediate consequence is
kakbQ(N)ab = 0 ∀N . (7.21)
• Contracted wedge with the coframe13
Q(tr1)ab ∧ ϑ
a = −2Bϑb ∧ k , (7.22)
Q(tr2)ab ∧ ϑ
a = 2
D−1 (Y +B − C)ϑb ∧ k , (7.23)
Q(tn)ab ∧ ϑ
a = 2kbA ∧ k −
2
D−1 (Y +B − C)ϑb ∧ k , (7.24)
Q(s)ab ∧ ϑ
a = 0 . (7.25)
• Finally we apply the operators k∧ and k ∧ ⋆ on the non-metricity form,
k ∧Qab = 2kakb(Y +B − C)k ∧ l+ 2kakbAck ∧ ϑ˜
c
, (7.26)
k ∧ ⋆Qab = 2kakb(Y +B − C)ωvol . (7.27)
13Here we are extracting the antisymmetric part of the corresponding tensors in the first two indices, Q(N)[ca]b.
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7.3 Curvature and its properties
Only the following parts of the curvature survive to the conditions (7.1)
Z(1)ab = kakb(2CA˜c − l
dFdc)ϑ˜
c
∧ k , (7.28)
W (1)ab =
[
2V˜(cd) −
2
D−2gcdV˜
]
δd[akb]ϑ˜
c
∧ k , (7.29)
W (2)ab = 2V˜[cd]δ
d
[akb]ϑ˜
c
∧ k , (7.30)
W (4)ab =
2
D−2 V˜ gc[akb]ϑ˜
c
∧ k , (7.31)
where we have introduced the following transversal tensors
V˜a :=
1
2 ∂˜aH + Ca , (7.32)
V˜ab := ∂˜aV˜b = ∇˚bV˜a − kbl
c∇˚cV˜a , (7.33)
V˜ := V˜c
c = ∂˜cV˜
c = ∇˚cV˜
c , (7.34)
which are going to dominate the antisymmetric part of the curvatureW ab and its parts, and the
antisymmetric tensor
Fdc := 2∇˚[dAc] = 2e
µ
de
ν
c∂[µAν] . (7.35)
These new objects fulfill the relations
∂˜cV˜cd = ∂˜
2V˜d , ∂˜
cV˜dc = ∂˜dV˜
c
c = ∂˜dV˜ , (7.36)
ldFdcϑ˜
c
= (∂uA˜c − ∂˜cA)ϑ˜
c
. (7.37)
As a consequence, the final expression for the total curvature is
Rab = kakb(2CA˜c − l
dFdc)ϑ˜
c
∧ k + 2V˜c[akb]ϑ˜
c
∧ k . (7.38)
Observe that from this expression we can immediately read the symmetric (Zab) and antisym-
metric (W ab) parts of the curvature. Notice also that the antisymmetric one is totally controlled
by the tensor V˜ca, while the symmetric part only depends on Aa and its derivatives. Finally we
provide some nice properties of this curvature:
• The Lichnerowicz conditions also hold independently for Z(1)ab,W
(1)
ab,W
(2)
ab andW
(4)
ab
since all of them are linear combinations of ϑ˜
c
∧ k.
• In addition to the Lichnerowicz condition we have
kaZab = k
aW (1)ab = k
aW (2)ab = k
aW (4)ab = 0 . (7.39)
thanks to the fact that kaCa = 0 = kcϑ˜
c
. Consequently
kaRa
b = 0 , kbRa
b = 0 . (7.40)
This result together with the fact that Rab goes in the direction of ϑ˜
c
∧ k tells that any
contraction of the curvature tensor Rabcd (and hence of any of its irreducible components)
with the wave vector ka vanishes.
• The traces of the curvature are
ebyRba = e
b
yW (4)ba = V˜ kak , (7.41)
ebyRab = −e
b
yW (4)ba = −V˜ kak , (7.42)
Ra
a = 0 , (7.43)
eayebyRba = 0 . (7.44)
or, equivalently in components,
Racb
c = −Rac
c
b = V˜ kakb , (7.45)
Rabc
c = 0 , (7.46)
Rab
ab = 0 . (7.47)
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7.4 Evaluated MAG Lagrangian
Finally we would like to end this section with a useful result when working in Metric-Affine Gauge
gravity. Consider the (even) MAG Lagrangian in arbitrary dimensions,
L+(D) = −
1
2κ
[
2λωvol − a0R
ab ∧ ⋆ϑab + T
a ∧ ⋆
(
a1T
(tn)
a + a2T
(tr)
a + a3T
(a)
a
)
+Qab ∧ ⋆
(
b1Q
(s)ab + b2Q
(tn)ab + b3Q
(tr2)ab + b4Q
(tr1)ab + b5Q
(tr1)bc
cϑ
a
)
+ 2
(
c2Q
(tn)
ab + c3Q
(tr2)
ab + c4Q
(tr1)
ab
)
∧ ϑa ∧ ⋆T b
]
−
1
2ρ
Ra
b ∧ ⋆
[
6∑
N=1
wNW
(N)a
b + w7ϑ
a ∧
(
ecyW
(5)c
b
)
+
5∑
N=1
zNZ
(N)a
b + z6ϑc ∧
(
eayZ(2)cb
)
+
9∑
N=7
zNϑ
a ∧
(
ecyZ
(N−4)c
b
)]
, (7.48)
and the 4-dimensional odd parity extension,
L−(4) = −
1
2κ
[
a−0 R
ab ∧ ϑab + a
−
1 T
a ∧ T (tn)a + 2a
−
2 T
a ∧ T (tr)a + b
−Qb
c ∧Q(tn)ac ∧ ϑ
a ∧ ϑb
+ 2c−1 Q
(tr1)
c
c ∧ ϑa ∧ T
(a)a + 2c−2 (e
c
yQcb) ∧ ϑ
b ∧ ϑa ∧ T
(a)a
+ 2Qab ∧ ϑ
a ∧
(
c−3 T
(a)b + c−4 T
(tn)b
) ]
−
1
2ρ
Rab ∧
[
w−1 W
(1)
ab + 2w
−
2 W
(2)
ab + 2w
−
3 W
(3)
ab + w
−
5 W
(5)
ab
+ z−1 Z
(1)
ab + 2z
−
2 Z
(2)
ab + z
−
3 Z
(3)
ab + z
−
4 Z
(4)
ab
]
, (7.49)
where κ and ρ are the gravitational weak and strong coupling constants, and the rest are free
dimensionless parameters.
Theorem 15. Let G = (gab, ϑ
a, ωa
b) be a geometry of the type treated this section, i.e. (6.24)
under the restrictions (7.1). Then, in arbitrary dimensions, any even parity linear or quadratic
invariant involving exclusively the curvature, the torsion and the non-metricity of the connec-
tion, and no derivatives of them, is identically zero. Furthermore, the 4-dimensional odd parity
invariants that satisfy the previous requirements also vanish.
Proof. First we use that the irreducible components Z(I) with I = 2, 3, 4, 5 and W (I) with I =
3, 5, 6 are zero. Then using the properties in the previous subsections, it is almost immediate to
check that all of the terms that appear in (7.48) vanish independently. Since they form a basis
of all possible (linear and quadratic) invariants involving the curvature, the torsion and the non-
metricity, then all possible invariants of this order are zero. Something similar happens with the
basis of odd invariants in four dimensions built with the terms appearing in (7.49).
In particular, when looking for solutions of this type for the 4-dimensional MAG action L(4) =
L+(4) +L
−
(4), only the cosmological constant term contributes to the evaluated Lagrangian,
L(4)
∣∣
G
= −
λ
κ
ωvol . (7.50)
This result simplifies considerably the equation of motion of the coframe. To be precise, the term
with the interior derivative of the Lagrangian reduces to14
eay
(
L(4)
∣∣
G
)
= −
λ
κ
⋆ ϑa . (7.51)
14The term eayL is in fact the one that comes from the variation of
√
|g| with respect to the metric in the
(gµν , Γµνρ) formulation.
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8 Final comments
In this paper we revised several criteria that can be found in the literature to discern whether a
Riemannian spacetime or a region of it belongs to a gravitational wave category, i.e. it contains
gravitational radiation. We also recalled that, in the context of General Relativity, some of them
are equivalent in vacuum for very simple kinds of metrics. Then we discussed some possibilities
for them to be extended to a metric-affine geometry and focused on one of them, the Lichnerowicz
criteria. The main motivation for this choice is that this criterion reflects some common features
between electromagnetic radiation and gravitational waves. We therefore proposed a generalization
of it and showed its implications for a particular geometry. For the metric (or, equivalently the
pair formed by the anholonomic metric and the coframe) we considered a Brinkmann space,
whereas the linear connection was chosen as a generalization of those studied in the works [28,30].
We then collected the conditions this connection should satisfy in order to respect the proposed
generalization of the Lichnerowicz criteria. Finally, we analyzed some particular cases providing
several properties of the associated curvature, torsion and non-metricity.
At this point, one important remark is that we have concentrated here on generalizing the
criteria used in Riemannian geometry, but there are other conditions to be taken into account,
for instance, the symmetries of the metric (isometries). In the Brinkmann case, the wave vector
∂v = k
µ∂µ is indeed a Killing vector, which can be seen in the fact that none of the metric
components in the Brinkmann chart depends on the v coordinate. Encouraged by this fact, one
may also require the linear connection to have zero Lie derivative in the direction of kµ. Since
this is true for the Levi-Civita part, it will be guaranteed whenever the distorsion tensor has zero
Lie derivative. For instance, for our configuration (6.24) expressed in the Brinkmann chart, this
condition gives essentially
0 = ∂vCµνk
ρ + kµkν∂vA
ρ + gµν∂vB
ρ . (8.1)
Contracting appropriately this equation one obtains that all of the tensors the connection depends
on must be v-independent. For Cµν this is true under the generalized Lichnerowicz criteria, but
for Aµ and Bµ we get new conditions to be considered, and that would obviously simplify further
our geometries.
The author is currently exploring the dynamics derived from the MAG action (7.48) in arbitrary
dimensions and the four dimensional case together with the odd parity terms (7.49), searching for
solutions of the type analyzed in these pages.
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A Table of symbols
Here we collect our notation providing a table with the symbols we have used throughout the
paper and the ranks of the differential forms.
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Differential form
/ tensor notation
Components Meaning Rank as
diff. form
Dimension, metric and basis
D Dimension of the manifold
g gµν , gab Metric
ωvol Canonical volume form associated to the metric (i.e. ⋆1) D
∂µ Coordinate frame
dxµ Coordinate coframe 1
ea e
µ
a General (or gauge) frame
ϑa eµ
a General (or gauge) coframe 1
dϑa Ωab
c Anholonomy form/coefficients 1
Linear connection and associated objects
ωa
b Γµν
ρ, ωµa
b Linear connection 1
Dα Exterior covariant derivative associated to the connection rank(α) + 1
∇µ Covariant derivative associated to the linear connection
Qab Qµνρ, Qµab Nonmetricity associated to the linear connection 1
T a Tµν
ρ, Tµν
a, Torsion associated to the linear connection 2
Ra
b Rµνρ
λ, Rµνa
b Curvature associated to the linear connection 2
W a
b Wµνρ
λ, Wµνa
b Antisymmetric part of the curvature (last two indices) 2
Za
b Zµνρ
λ, Zµνa
b Symmetric part of the curvature (last two indices) 2
Q(I)ab, T
(I)a Irreducible components of the torsion and non-metricity (see above)
Z(I)a
b, W (I)a
b Irreducible components of the curvature (see above)
ω˚a
b, D˚,... ω˚µa
b, ∇˚µ,... Levi-Civita connection and associated objects (see above)
Other operators on differential forms
dα Exterior derivative rank(α) + 1
eayα Interior product by the vector ea rank(α)− 1
⋆α Hodge star D−rank(α)
Optical decomposition
hµν Transversal proyector 0
Bµν Covariant derivative of the velocity 0
B˜µν Transversal part of Bµν 0
ωµν , σµν Twist and shear tensors 0
θ, ω, |σ| Optical scalars (expansion, twist and shear, respectively) 0
Objects used in the geometry we studied
A, B, - , - Aa, Ba, Cab, Pcab Tensorial objects in the connection (5.24) 1
A, A¯, A˜a Pieces in the decomposition of Aa 0
B, B¯, B˜a Pieces in the decomposition of Ba 0
C, Ca, C¯a, C˜ab Pieces in the decomposition of Cab 0
Pc, Pca, P¯ca, P˜cab Pieces in the decomposition of Pcab 0
H, Wi Functions in the Brinkmann (or Kundt) metric 0
{v, u, zi} Brinkmann (or Kundt) coordinates
k kµ, ka Wave form (or wave vector when the indices are raised) 1
l lµ, la Lightlike form independent of k with l
µkµ = 1 1
Y Scalar parametrizing the violation of the LCT [see (5.30)]
F Fµν Electromagnetic 2-form/ tensor 2
g˜ij , g˜IJ Transversal metric 0
ϑ˜
a
Transversal coframe 1
∂˜a Transversal partial derivative
Ω˜a
b, Ω˜ab
c Transversal anholonomy coefficients [see (5.13) and (5.14)] 0
Fab, V˜ , V˜a, V˜ab See definitions (7.32)-(7.35) 0
Table A.1. Symbols and ranks of differential forms.
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B Useful expressions
B.1 Optical decomposition
For a lightlike congruence with velocity kµ and for any lightlike vector lµ such that kµlµ = ǫ = ±1,
the general covariant expressions for the twist tensor, the expansion and the shear tensor are
θ = 1
D−2
(
∇˚σk
σ − ǫlσk˙
σ
)
, (B.1)
ωµν = ∇˚[νkµ] − ǫ(l
σ∇˚σk[µ)kν] + ǫl[µk˙ν] − ǫk[µ(l|σ|∇˚ν]k
σ) + k[µlν]lσk˙
σ , (B.2)
σµν =
[
∇˚(µkν) −
1
D−2hµν∇˚σk
σ
]
− ǫ(lσ∇˚σk(µ)kν) − ǫk(µ(l|σ|∇˚ν)k
σ)
− ǫ
[
l(µk˙ν) −
1
D−2hµν lσk˙
σ
]
+ k(µlν)lσ k˙
σ + kµkν(lλl
σ∇˚σk
λ) (B.3)
where k˙σ := kµ∇˚µkσ, which vanishes in the geodetic case.
B.2 Curvature, torsion and non-metricity for the connection (5.15)
The curvature form (5.15) is given by,
Rab = R˚ab + D˚Cab ∧ k + D˚Pcab ∧ ϑ˜
c
+ kakbdA+ gabdB
+ 2
(
Cc(ak + Pdc(aϑ˜
d
)
kb)k
c ∧A+ PdcbPea
cϑ˜
d
∧ ϑ˜
e
− 2Pd[a
cCb]ck ∧ ϑ˜
d
, (B.4)
and the torsion by
T a = Cc
ak ∧ ϑc + Pcd
aϑcd + kaA ∧ k +B ∧ ϑa , (B.5)
=
[
−Cka − C¯a − A¯ka +Bka − B¯la
]
k ∧ l
+
[
C¯cl
a + Cck
a + C˜c
a − Pcl
a + Pc
a − kaA˜c +Bδ
a
c − B˜cl
a
]
k ∧ ϑ˜
c
+
[
Pck
a + P¯c
a + B¯δac − B˜ck
a
]
l ∧ ϑ˜
c
+
[
P¯cdl
a + Pcdk
a + P˜cd
a + B˜cδ
a
d
]
ϑ˜
c
∧ ϑ˜
d
, (B.6)
with trace and antisymmetric components
T (tr)a = 1
D−1 (C + A¯− Pc
c)ϑa ∧ k − 1
D−1 P¯b
bϑa ∧ l
+ 1
D−1 (C¯c + P˜bc
b)ϑa ∧ ϑc − ϑa ∧B , (B.7)
T (a)a = gab
[
2(P[b − C¯[b)kcld] + (C˜[cd + 2P[cd)kb] + 2P¯[cdlb] + P˜[bcd]
]
ϑc ∧ ϑd , (B.8)
while the other one can be calculated simply by T (tn)a = T a − T (tr)a − T (a)a.
For the non-metricity we have the following expression
Qab = 2ω(ab) = 2kakbA+ 2gabB . (B.9)
Therefore the traces are
Qc
c = 2DB , (B.10)
ecyQcb = 2A¯kb + 2Bb , (B.11)
and its irreducible decomposition,
Q(tr1)ab = 2gabB , (B.12)
Q(tr2)ab =
4D
(D−1)(D+2)A¯
[
k(aϑb) −
1
D
gabk
]
, (B.13)
Q(s)ab = 2
[
k(akbAc) −
2
D+2 A¯k(agbc)
]
ϑc , (B.14)
Q(tn)ab = 2kakbA−Q
(tr2)
ab −Q
(s)
ab . (B.15)
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B.3 Irreducible decomposition of the curvature and the torsion for (6.21)
The irreducible components of the torsion (6.22) are
T (tr)a = 1
D−1 (C + kcA
c)ϑa ∧ k + 1
D−1 C¯cϑ
a ∧ ϑ˜
c
+B ∧ ϑa ,
T (a)a = gab
[
−2C¯[bkcld] + C[cdkb]
]
ϑc ∧ ϑd , (B.16)
T (tn)a = −
[
1
3 C¯
a + D−2
D−1 (C + kcA
c)ka
]
k ∧ l+ 2D−53(D−1) C¯ck
al ∧ ϑ˜
c
−
(
1
D−1 C¯dδ
a
c +
1
3Ccdk
a
)
ϑ˜cd (B.17)
+
[
1
3Cc
a + (Cc − A˜c)k
a + D−43(D−1) C¯cl
a + 1
D−1 (C + kdA
d)δac
]
k ∧ ϑ˜
c
. (B.18)
For the curvature (6.23) we first separate into antisymmetric and symmetric parts
(R[ab] ≡) W ab = R˚ab + D˚Cab ∧ k , (B.19)
(R(ab) ≡) Zab = kakbdA+ gabdB − 2kck(aCb)
ck ∧A . (B.20)
Taking this into account, it can be shown that the irreducible components are
W (3)ab =
(
∂vC˜[ablckd] + ∂˜[cC˜abkd]
)
ϑc ∧ ϑd , (B.21)
W (4)ab = R˚
(4)
ab − 2
D−1
D−2W
(6)
ab
+ 1
D−2
[
∂v(2Cl[a − C[a) + ∂˜c(2C
ck[a + C¯
cl[a)− ∂˜c(C˜[a
c − Cδc[a)
]
k ∧ ϑb]
+ 1
D−2
[
∂v(2Ck[a + C¯[a) + ∂˜cC¯
ck[a
]
l ∧ ϑb]
+ 1
D−2
[
− ∂v(Cck[a − C¯cl[a) + 2∂˜(cC¯d)δ
d
[a − ∂˜d(C˜c
d − Cδdc )k[a
]
ϑ˜
c
∧ ϑb] , (B.22)
W (5)ab =
1
D−2
[
− ∂vC[a + ∂˜cC¯
cl[a − ∂˜c(C˜[a
c + Cδc[a)
]
k ∧ ϑb]
+ 1
D−2
[
∂vC¯[a − ∂˜cC¯
ck[a
]
l ∧ ϑb]
+ 1
D−2
[
∂v(Cck[a − C¯cl[a) + 2∂˜[cC¯d]δ
d
[a + ∂˜d(C˜c
d + Cδdc )k[a
]
ϑ˜
c
∧ ϑb] , (B.23)
W (6)ab =
2
D(D−1) (∂vC + ∂˜cC¯
c)ϑa ∧ ϑb , (B.24)
Z(2)ab =
1
2(D−2)Z
−
c e(a|y
{
k ∧ ϑ˜
c
∧ [ϑ|b) − (D − 2)k|b)l]
}
+ 12 (e
i
ce
j
d∂[iAj] + C¯cA˜d)k(aeb)y
(
k ∧ ϑ˜
c
∧ ϑ˜
d)
, (B.25)
Z(3)ab =
D
D2−4Z
−
c
[
k(aϑb) ∧ ϑ˜
c
− δc(aϑb) ∧ k −
2
D
gabk ∧ ϑ˜
c
]
, (B.26)
Z(4)ab =
1
D
gabZc
c = gabdB , (B.27)
Z(5)ab =
1
D
Z+c k(aϑb) ∧ ϑ˜
c
+ 1
D
[
2
(
2(CA¯− ∂[uAv]) + C¯cA˜
c
)
k(a + Z
+
(a
]
ϑb) ∧ k , (B.28)
where we have introduced the abbreviation Z±a := 2e
i
a∂[vAi] ± C¯aA¯, and the other three have
been omitted because they can be calculated by the ones above by the use of the relations
W (2)ab =
1
2W ab +
1
4 (eayebyW dc)ϑ
d ∧ ϑc −W (5)ab , (B.29)
W (1)ab =W ab −W
(2)
ab −W
(3)
ab −W
(4)
ab −W
(5)
ab −W
(6)
ab , (B.30)
Z(1)ab = Zab −Z
(2)
ab −Z
(3)
ab −Z
(4)
ab −Z
(5)
ab . (B.31)
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B.4 Other expressions derived from the connection (6.21)
The general derivatives of k and l are
∇ck
a = −(Cka + C¯a)kc + k
aBc , (B.32)
(∇c − ∇˚c)l
a = (Cla − Ca)kc + k
aAc + l
aBc . (B.33)
With these equations and the following properties of the distorsion tensor (defined as the difference
between the connection and the Levi-Civita one)
gca(ωca
b − ω˚ca
b) =
(
A¯− C
)
kb +Bb − C¯b , (B.34)
kc(ωca
b − ω˚ca
b) = A¯kak
b + B¯δba , (B.35)
lc(ωca
b − ω˚ca
b) = Ca
b +Akak
b +Bδba . (B.36)
one can prove for transversal tensors of arbitrary number of indices
kc∇cS˜a...
b... = kc∇˚c︸ ︷︷ ︸
∂v
S˜a...
b... + (nup − ndown)B¯S˜a...
b... , (B.37)
lc∇cS˜a...
b... = lc∇˚cS˜a...
b... + (nup − ndown)BS˜a...
b...
− (C˜a
d − laC¯
d − kaC
d)S˜d...
b... − ...+ (C˜d
b + lbC¯d + k
bCd)S˜a...
d... + ... , (B.38)
ka∇cS˜ab...
d... = C¯akcSab...
d... , (B.39)
la∇cS˜ab...
d... = (Cakc − ∇˚cl
a)S˜ab...
d... , (B.40)
∇aS˜ab...
c... = ∇˚aS˜ab...
c... +
[
C¯a + (nup − ndown − 1)B˜
a
]
S˜ab...
c... , (B.41)
where nup and ndown are respectively the number of indices up (contravariance) and down (covari-
ance) of the tensor S˜a...
b.... These properties are extremely useful in order to eliminate or reduce
derivatives that appear in the equations of motion of metric-affine theories.
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